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A general method for obtaining rational approximations to formal power series
is defined and studied. This method is based on approximate quadrature for-
mulas. Newton—-Cotes and Gauss quadrature methods are used. It is shown
that Padé approximants and the e-algorithm are related to Gaussian formulas
while linear summation processes are related to Newton—-Cotes formulas. An
example is exhibited which shows that Padé approximation is not always op-
timal. An application to e~ is studied and a method for Laplace transform
inversion is proposed.

1. STATEMENT OF THE PROBLEM

Let f be the formal power series
f@) =Y et
=0

If the series in the right-hand side converges, then f(¢) is equal to its sum;
if the series diverges, f represents its analytic continuation (assumed to exist).
We consider a linear functional ¢ associated with f satisfying

c(x¥) = ¢, i=0,1,...;

¢ can be regarded as a formal integration process. The basic idea is that

1
(1==5) = O
where ¢ acts on the variable x and where ¢ is a parameter. Thus computing
f(¢) for a fixed value of ¢ is nothing else than computing c((1 — xt)-1) since
(1 —xt)™V) = c(1 + xt + x%2 + ) = ¢q + ¢yf + cot? + .

It arises very often in practice that only a few coefficients ¢, of the series
are known or that it converges too slowly. Thus the function (I — x¢)1
295

0021-9045/79/040295-23$02.00/0

Copyright © 1979 by Academic Press, Inc.
All rights of reproduction in any form reserved.



296 C. BREZINSKI

has to be 1eplaced by a polynomial P and f(¢) is approximated by c(P):
This is an approximate quadrature formula.

There are two main ways for replacing a function by a polynomial. The
first one is to use interpolation polynomials which leads to the so-called
interpolatory quadrature formulas. The second is to use certain other
approximation polynomials; the corresponding quadrature formulas will be
called approximatory quadrature formulas. They are not studied herein.
The results presented in this paper have some connection with the ideas of
Larkin [8, 9] on the approximation of a linear functional but this connection
has not yet been studied in detail.

2. INTERPOLATORY QUADRATURE FORMULAS

Let x,, X, ,..., X; be the (complex distinct) points of interpolation. These
points can also depend on k, that is we can have a triangular set of interpo-
lation points x{*) for i = 1,..., k. Set

o(x) = (X — xp) =+ (X — x3),

w(t) = ¢ (l(%:i(—t)—),

— 1

where ¢ acts on the variable x and ¢ is a parameter. Setting v(x) = a, +
a;x + -+ -+ apx*, it is easily seen that w is a polynomial of degree k — 1:
w(t) = by + byt + -+ + by_t¥ ! with
k-i—1
bi = Z Cjai+,'+1 s l - 0,..., k - l (1)

i=0

Finally, note that the Lagrange interpolation polynomial of a function g
at x;, Xg yeeey Xy IS

P(x) — U(X) Z“ (x g(xi)

S = x) ()

THeorREM 1. If P is the Lagrange interpolation polynomial of g(x) =
(1 — xt)7! constructed on the distinct abscissae x, ,..., X, , then

c(P) = @(1)/a(),

where

(1) = t*Iw(tY)  and  9(t) = tho(Y).
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Proof.

P(x) = Z W(x) — sxDf(x —x) 1

v'(x;) 1 —x;t°

By using the definition of w, we obtain

o(P) = i wx) 1 N i w(x;) 1

20 () 1 —xt 20 (x) x — x;

with x = 1/t. This is the partial fraction decomposition of xw(x)/v(x). Thus

wx) 1w @)
o T e T wa)

Let A% = w(x)/v'(x,). Then c(P) = ¥, A®(1 — x;¢)7 is the Newton—
Cotes quadrature formula. Expressing the interpolation polynomial P as the
ratio of two determinants we get

0 € €1 ——— Cr
xt—D71 1 x —-—— xk1
«(P) (xut 11)‘;1 1_ _xi ;g—; xi1 . @
S
Letting
I ——— 1 (1 — xy8)71 Co
Vi = il_ ___—_—_ _Xi _ 8k = i Ye = i
X X! (1 — x)2 Cra
then, by a formula given by Magnus [13, p.i 17]
e(P) = (Vi'yi, 8. )

THEOREM 2. Under the assumptions of Theorem 1

c(P) — f(r) = O(t%), (ast — 0)

k
e(P) =Y et with e =23 APx/ =01,
s

.y
i=0

ande, = ¢c; fori = 0,...,. k — 1.
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L

e; =Y APx;  for i=0,1,..
j=1

7

It

From the fact that the Newton—Cotes quadrature formula is exact for
polynomials of degree less than %, it follows that ¢(P) — f(t) = O(*) and
thus e; = ¢;fori = 0,..., k — 1.

Let us now study the error.

THEOREM 3. Under the assumptions of Theorem 1

«P) = 10) = s e (72 7)
Proof.
B(t) = t-In(t1) = ti-ie (u(x) — u(t—l)) . (tku(x) — tkv(t—l))

x —t1 xt — 1

= e 2e) a0 e ()

and the resuit of the theorem immediately follows.

Remark 1. From the proof of the preceeding theorem we get

@(t) 1 v(t™) — v(x)
ONELG) C( 1 —xt )

This relationship shows that any interpolatory quadrature method for
(1 — xt)~1 can be looked as replacing (1 — xt)~ by (1 — v(x)/v(+"1)/(1 — xt)
with o(x) = (x — x;) -*- (x — x3). From this theorem we also obtain

e(P) — f(t) = m z dit?

with d; = —c(x) = —(ayc; + @1Cipy +  + GCirr)-

Although the abscissae are not always equidistant such interpolatory
quadrature methods will be called Newton—-Cotes methods. The approximants
obtained will be called Padé-type approximants and will be denoted by
(k — 1/k)At), where fis the function to be approximated and ¢ is the variable.

Let us now turn to Gaussian quadrature formulas. It is well known that,
in Gaussian methods, the interpolation points x, are chosen so that the
quadrature formula is exact for polynomials of degree less than 2k. It is also
well known that the x; are the roots of orthogonal polynomials. Thus let us
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now consider the family of orthogonal polynomials {P,} with respect to the
functional c, that is,

e(xP) =0 for i=0,.,k—1,

where k is the degree of P, . Such polynomials are given by

Cg € ——— Cp
G G —— Crt1
Pk(x) = ———— - -
Cep1 Cp ——— Cop

[ x —-—-- xF

Let us now chose the x,’s, for fixed k, as the roots of P, . We assume that
these roots are distinct and that the Hankel determinants

€ G — 7 Cpa

Cl 02 - = Ck
Hcp)=| ~ —~ =
Cp—1 Ck - Cox—2

are all different from zero such that P, has the exact degree k. Let O, be the
associated polynomials defined by

0ut) = ¢ ( Pi(x) — Py(t) )

x—1

and let By(t) = t*Py(t-Y), Ou(t) = 1*-1Q.(¢-Y). Then P, is identical to v apart
from a multiplying factor and Q, is identical to w apart from the same factor.
Thus

#(1)/5(t) = Ou(t)/P(t) 4)

and Theorems 1, 2, and 3 remain true for Gaussian quadrature formulas.
Moreover we get:

THEOREM 4. If the x; are the roots of P, which are assumed to be distinct,
then
e; == ¢; for i=0,.,2k—1,
e(P) — f(t) = O@*),

g X*Px)\ g% P(x)
o)~ ) = 5 e ( e ) = ok (xt"_ 1),

c(P) = [k — 1/k}«(),
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where [ p/qlLt) is the Padé approximant to f whose numerator has degree p and
whose denominator has degree q.

Proof. Gaussian quadrature formulas are exact for polynomials of degree
less than 2k; then the first two statements of the theorem immediately follow.
The identity with Padé approximants comes out from the unicity of Padé
approximants or from their definition as the ratio of two determinants.
From the orthogonality property of P, we get

c( U—(—X)xt) = (o)1 + xt + ) = c(e(x)(xktk £ xR L )

1
=t ( ;Ii()jc)t)

and the first part of the third statement follows. (P,(x) — P, (¢ Y))/(1 — xt)is
a polynomial of degree kK — 1 in x; then

(P()Pk(x) Pk(t‘))_ozc(ﬁ{(ﬂ) Pt (Pk(x))

xt 1 — xt xt

which ends the proof of this theorem.

Remark 2. Formulas (2) and (3) provide new expressions for Padé
approximants.

Remark 3. From the third result of Theorem 4 it is easy to prove that

10 — b — 1K) = i) e o,

Remark 4. For arbitrary distinct x; we get f(¢) — c(P) = O(t*) but the
computation of (k — 1/k) only requires the knowledge of ¢, ,..., cx_; . If the
x; are the roots of P, , then f(¢t) — c(P) = O(t%) but, as it can be seen from
(4), the computation of [k — 1/k] requires the knowledge of ¢ ,..., Cax_q -
Thus, from the algebraic point of view, nothing is gained by using Padé
approximants and Gaussian quadrature formulas with k& points have to be
compared with Padé-type approximants using 2k points. Moreover, in
Padé-type approximants, the poles of the rational approximation @(f)/¥(¢)
can be arbitrarily chosen since the roots of ¥ are equal to x;*. The relation-
ships (1) between the coefficients of the numerator and those of the
denominator come out from equating the coefficients of #* to zero for
i=0,.,k—1in f(¢) — c(P). If the coefficients of #* must also be zero for
i=k,..,2k — 1 then we must have c(xv(x)) =0 for i =0,.,k —1
which shows that v is identical to P, . However if fis a rational function of
degree k — 1 over degree k then, for arbitrary distinct x;, (kK — 1/k)A?) is
not identical to f while the Padé approximant [k — 1/k]A?) is.
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Remark 5. The difference between the approximants obtained by
Newton—Cotes formulas or by Gauss formulas is that the first are linear
with respect to the ¢,’s while the second are not.

These quadrature methods can be applied to the computation of the limit S
of a sequence {S,}. Let us consider the series f defined by ¢; = S;,; — S;.
Then S = S, -+ f(1) will be approximated by S, + w(1)/v(1). It is easy to see
that S, 4 w(1)/v(1) = (@S + - + apSi)/(ay + - + ai). In the case where
the x,’s are arbitrarily chosen this is a summation method. If the x,’s are the
roots of P, then we obtain €2 given by the e-algorithm of Wynn [19]. This
fact had been proved some years ago by Brezinski [2] in a very different
way.

A consequence of Theorem 4 is the

COROLLARY 1. Under the assumptions of Theorem 1 and if o(x) =
(x — x1) - (¢ — x) = u(x) P(x) withm < k < 2m then

()/5(t) = [m — 1/m]A¢).
Proof.

u(x) Pm(x) —_ u(t) Pm(t))

x—1

w(t) = c(
- ( (t) m(x) m(t) 4P ( ) u(x) u(t))

t

e (___g_m; — P

since P,, is orthogonal to every polynomial of degree less than m and since
the degree of uis k — m < m. Thus @(2)/5(t) = [m — 1/m]/t) by Theorem 4.

Remark 6. Replacing v by uP,, in the error term of Theorem 3 we get the
error term of Theorem 4 since

() = uee ()

Xt —

The two preceeding results show that the theory of general orthogonal
polynomials plays a fundamental role in the algebraic theory of Padé
approximants. In fact almost all the known algebraic results about Padé
approximants follow in a very easy and natural way from the theory of
orthogonal polynomials and new results can also be obtained [3, 4].

Let us now mix up the two preceding methods in the following way: Let
some of the x;, say x, ,..., x,,, , be arbitrarily chosen and let the remainding
points, X1 ,..., Xz , be taken such that the quadrature method be exact for
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polynomials of degree less than 2k — m. Such quadrature formulas exist and
are well known. Let u(x) = (x — x;) - (x — x,,) and let the functional ¢
be defined by

() = c(x'u(x)), i=0,1,...
Let P, _,, be the orthogonal polynomial of degree k — m with respect to ¢.

We assume that it has the exact degree k — m; then x,,.q ,..., X; must be
chosen as the roots of P,_,, . Thus we have

() = Pp_p(x) u(x).

wis defined in the usual way from ¢ and ¢(P) = @(¢)/#(¢). For such quadrature
formulas we get:

THEOREM 5. If xy,..., X, are arbitrary distinct points and if X1 5ers Xk
are the roots of P,,_,, that are assumed to be distinct and distinct from x, ,..., X, ,
then

e, = ¢; for i =20,.,2k—m—1,

e(P) — f(t) = O@*—™),

=0 = ()
_ 1 () Pr_ml(x)
B Y (N ( Xt —1 )

Proof. Essentially the same as for Theorem 4. The first two statements
are properties of such quadrature methods. The last two statements follow
from Theorem 3 and from the orthogonality properties of P,_,, .

Remark 1. The computation of such a quadrature formula requires the
knowledge of ¢y ,..., Copm—1 -
Let now P be the general Hermite interpolation polynomial such that

. P . .
PU(x,) = W( — )Mi , di=1.,nandj=0...k—13>0 (5

We assume that the interpolation points x; are distinct. Let k = Y, k; and
o(x) = (x — x)" -+ (x — x)™.

Let w, & and % be defined as above. We get:
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THEOREM 6. Let P be the general Hermite interpolation polynomial which
is assumed to satisfy the preceding conditions; then

o(P) = @(t)[t),
o(P) — f(f) = O(t*) = —’(';—) c( o(x) )

7 xt—1

Proof. 1tis well known that the general Hermite interpolation polynomial
can be deduced from the Lagrange interpolation polynomial by continuity
arguments when some points coincide. Thus the first part of the theorem
immediately follows. The proof of the second part of the theorem is as in
Theorem 3.

Remark 8. This theorem can also be proved by writing down P and
showing that ¢(P) is the partial fraction decomposition of #(¢)/%(z).

Remark 9. ¢ has the exact degree k& and the computation of &(t)/%(t)
requires the knowledge of ¢, ,..., ¢, -

Remark 10. If vo(x) = (x — x)*1 - (x — X)) = u(x) P(x) with m <<
k < 2mthen Corollary 1 applies and (¢)/5(t) = [m — 1/m],(¢). In particular
if k;, = 2¥iand if x, ,..., x,, are the roots of P, then #(¢)/5(¢t) = [n — 1/n]¢).
Replacing v by P,? in the error term of Theorem 6 we get the result of
Theorem 4. If v(x) = Py(x) then ¢(P) = [k — 1/k]/(¢) which shows that the
roots of P, have not to be distinct as in Theorem 4 but that, in case of
multiple roots, P must be taken as the general Hermite interpolation
polynomial.

Remark 11. Ifn = 1then o(x) = (x — x,) and #6(2)/5(¢) = B(t)/(1 — x;2)*.
In particular if x; = 0 then

M/'(t) = C( x ¢ ) = Cpy —I-— Ck—2t + oo + Cotk_l,

B)/Ht) = co + et + - + ¢c_4t*! and P is the Taylor interpolation
polynomial at x; = O that is P(x) = 1 + xt -+ -~ | xF1t*1,

Remark 12. Conversely let
o(x) = (¢ — x)* -+ (x — x)

with k = X, k;, let x, ,..., x,, be distinct and let w(x), 9(t) and #(r) be
defined in the usual way. Then #(¢)/6(¢) is a rational approximation to f(¢)
obtained by replacing (1 — xt)! by its general Hermite interpolation
polynomial such that (5) holds and then computing ¢(P).
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All the preceding rational approximations have the same form i(r)/4(z)
and a general compact formula which generalizes Nuttall’s compact formula
[16] can be derived for them. The basic idea for such a compact formula
in the case of Padé approximants for some special series is due to Magnus [14]
and we only extend here this idea. It is easy to see that

I o™ — v(x)
vy 1 —xt

is a polynomial of degree k — 1 in x whose coefficients depend on . Let {g,}
be any sequence of polynomials such that ¢, has the exact degree » for all n.
Thus

z;(tl—l) v(t_ll)—-xI:(X) = Bogo(¥) + =+ + Bragra(X)

and, by Remark 1
@(1)[8(t) = Boc(qo) + =+ + Brac(@r)-
Fori=0,.,k — 1 we get
(g1 — v(x)/v(t™) = c(g:xN1 — xt)Bogo(X) + *** + BraGr (X))
That is,

c((1 — xt) 6% c((I — xt)goqy) -+ c((l — xt) goqrc—r) Bo
c((1 — xt) g190) ol —=xt)g® = ol — xt) ¢ 9x—1) B
C((l - -Xt) qk—lqo) C((I - Xt) qk_1q1) C‘((l - Xt) qlzchl) \Bk-—l

¢y
B
€1

with ¢; = e(g:(x)(1 — v(x)/v(t™Y). Let V be the matrix and v’ the second
member of the preceding system; let v be the vector whose components are
¢(q,). Then we get

@(1)/H(t) = (v, V). (6)

If g.(x) = x™ the elements V,; of V are V,; = ¢, — tc;y;, for i
j = 1,..., k while the components v; of v are ¢;_; for i = 1,..., k. This is a
generalization of Nuttall’s compact formula. If the x; are the roots of P,
then o(x) = Pu(x), v = v’ and we obtain Nuttall’s formula for Padé
approximants,
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If we choose ¢.(x) = P,(x), then we obtain a result which is closely
related to the matrix interpretation of Padé approximants [7]

[k — 1/k1A2) = cole, (I — Jut) " ),

where e is the vector all of whose components are equal to zero except the
first one which is one. J;, is the tridiagonal matrix

((—B, C, A
1 —B,
Jy ... | ,
. . . . . C
L I —BJ

where B; and C; are the coefficients of the recurrence relationship of the
orthogonal polynomials

Pria(x) = (x + Byya) Pu(x) — CriaPra(x).

From this formula, formula (3) can also be easily obtained. A similar formula
holds for #(t)/(t).

Remark 13. 1If the x; are not the roots of P, then #(t)/3(¢) only depends
on ¢y ,..., Cx—y - Thus in formula (6) arbitrary values can be given to ¢y ..., Cop_1
and, in particular, ¢; = O for { = k,..., 2k — 1.

Remark 14. Let A and B be the matrices whose coefficients are, respec-
tively, ¢(q; q;) and ¢(x ¢, ¢;) for i,j = 0,..,.k — 1. Then V = 4 — tB and

@(1)/i(t) = i (v, (A"1B) A~10') .

Thus ¢; = (v, (A71B)! A~W')fori =0,..., k — 1. For Padé approximants this
relation is valid until i = 2k — 1 and from (7) we also get

c; = cole, Jile), i =0,.,2k — 1.

Let us now show how to construct rational approximations of series with
arbitrary degrees in the numerator and denominator. We have

xn+ltn+1

1
i—:;::l—l—xt—{—---ert +

1 —xt°
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Then

0= (—1"11—}7) =Gt alt et + t”“C( le;t)‘

Let P be the interpolation polynomial of the function (1 — xt)~! on some
points x; ,..., x; . Then f(¢) can be approximated by

Co + €yt + -+ + cut™ + tle(x"HLP).

If we define the functional ¢'™ by ¢™(x¥) = ¢(x™t%) = ¢y, for i = 0, 1,...,
and if
w(t) = ¢intd (_0(32___'@_),

x —t
then the preceding approximation of f(¢) can be written as

o _J[_ Clt + + c"tn + t‘n+lc(n+l)(P)

o(t
= ¢y + 1t + ---+c”t"+t"+l%)— 8

which is the ratio of a polynomial of degree n + k in ¢t over a polynomial of

degree k.
We also have

1 x—-ntLlpn+l 1 ‘ 1

T—xt 1—xt xt C T et

Let us apply the functional ¢ to this identity. Then, since ¢(x¥) = ¢; = 0
for i < 0, we get
1 x—nt+l
= —_— ) = e (S
o) C(l——xt) ! c(l—xt)'

Let P be the interpolation polynomial of the function (1 — xt)~! on some
points Xy ,..., Xn.z . f(¢) can be approximated by

t~7He(x"HLP),

Let v(x) = (x — x1) = (x — Xpix), let ¢="*D be defined by ¢~ (x%) =
e(xH) = ¢c_, . fori=0,1,..,withc_,y,;, =0ifi <n—1,and let w
be defined in the usual manner. It can easily be seen from its definition that w
has the degree k forn =1, 2,.....

Let @ be defined by

@(t) = 1Ry,
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Then
t—n+lc(x—n+1P) — t—n+lc(—n+1)(P) — t—n+1 Zb(t) (9)

%)

which is the ratio of a polynomial of degree k in ¢ over a polynomial of degree
n-+ k.
Formulas (8) and (9) can both be written as

(1)
(1)

n
Y et 4 i
i=0

for n = 0, 41, +2,... with the convention that the sum is equal to zero if n
is negative.

If this approximant is written as [#(z) Y5 ¢;t* + t*+1@(¢)]/&(z) it can easily
be seen that the relations between the coefficients of the numerator and the
coefficients of the denominator are exactly the same as those occuring for
Padé approximants. We shall designate by ( p/q),(t) these approximants in the
general case and by [p/ql«t) the Padé approximants. p is the degree of the
numerator, ¢ that of the denominator, fis the function which is approximated,
and ¢ is the variable. There is, in general, no connection between the upper
and the lower part of the table of the (p/q) approximants as it occurs for the
Padé table. Let (k — 1/k)A¢) be the Padé-type approximant and let 9 be its
denominator. Let us now consider the reciprocal series g defined by
f(®) g(#) = 1 and let (k/k — 1),(¢) be the Padé-type approximant to g with @
as denominator. It is easy to see that we can have (k — 1/k)At) =
1/(k{k — 1),(¢) only if v is such that ¢(v) = 0. In the Padé table this property
is true since v is P, .

If we look at the degrees of approximation of both parts of the table, as
we now will proceed, it is also obvious that, in the general case, no connection
can occur between the two parts of the table. However if (k/k)/(¢) is the Padé-
type approximant to f with ¢ as denominator and if (k/k),(¢) is the appro-
ximant to g with ¢,8(¢) + t#V(¢) as denominator where

w(f) = ¢ (_U(_Xu(i)_)

x —1
then we always have
(k[R)At) = 1/(k[K)o(2)-

Let us now proceed to the degree of approximation.
From the definition of ¢tV it is easy to see that ¢*t1(P) is an approxi-
mation to ¢™*((1 — xt)~1); thus

CWI(P) = Cppy + Cpyal + 0+ Cagat™ + O(F)
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and it follows from (8) that
ot at oo et - 11 50— 50y = o,

From (9) we only obtain that

i1 %’)) — f(1) = O(++),

If Pis the Hermite interpolation polynomial then v must be defined as v(x) =
(x — xp)*1 - (x — x,)=. If the points of interpolation are the roots of the
polynomial P{"*" which is orthogonal with respect to the functional ¢+0,
if these roots are distinct and if P{"*" has the exact degree k then

Z ¢t - gt Zf((tt)) — [n + kJkI) = F(£) 4 O(n+2v+),
If the points of interpolation are the roots of P %" which is orthogonal
with respect to the functional ¢+, if these roots are distinct and if P$;%™
has the exact degree n - k then

i 20— i -+ K@) = £0) + O,

Remark 15. The condition for P{™ to be of the exact degree k is that the
Hankel determinant

Cn == Cptr
[ - Crnik
Hep) =| ™ 7 A =Hm
Cntr-1 — Cpign—2

is different from zero. If the roots of the orthogonal polynomials are not
distinct similar results hold with P as the Hermite interpolation polynomial.
Finally if the points x, ,..., x,, are arbitrarily chosen and if the remainding
points x,,,1 ,..., Xy are the roots of the polynomial P{*+! which is orthogonal
to the functlonal ¢t defined by ¢»(x¥) = c»(xfu(x)) then results
similar to those of Theorem S can be obtained.

Let us now study the convergence of such methods for obtaining rational
approximation of series when n or k goes to infinity.

Let S, = Y7o c;t? and v(x) = a, + a;x -+ -+ + axx*; then, by using (1),
it is easy to see that

o(t
Z;gti ‘= B1So 4+ 4 BkSk—l
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and

Y et + t"“z—g% = ByS, + 4+ BySpsr  for n=0,1,..
i=0

with

B; = agt*/3(t) and Y B, =1
In fact, since the roots x; of v can depend on & and n, the B;’s also depend on
k and n. The convergence of these sequences of approximations when » or k

goes to infinity can be studied by using the Toeplitz theorem for the conver-
gence of summation processes [18] and we immediately obtain

THEOREM 7. Let the sequence {S,} converge to f(t). The sequence
S o Citt - t7H(8)/5(t) converges to f(t) when n goes to infinity if

YIB|<M Vn

The sequence converges to f(t) when k goes to infinity if
Lijg B;=0 for i=0,1,.

and

In practice it is a difficult matter to know if these conditions are satisfied
or not. However it is possible to get the following partial results:

THEOREM 8. If x; < OViandVn, k, if t =0 and if {S,} tends to f(t) then
the sequences Y ;o C;t* + t™14(t)/#(1) converge to f(t), for every fixed k > 0,
when n goes to infinity.

The proof is elementary since all the B, are positive.
THEOREM 9. Let {x;} be an infinite sequence of negative numbers converging
to zero and let v(x) = (x — xy) - (x — xp). If t = 0 and if {S,;} tends to f(¢)

then the sequences Y o c;t' -+ t™14i(t)/3(t) converge to f(t), for every fixed
n = —1, when k goes to infinity.

Proof. Letv(x) = (x — x;) *** (x — x;) and let B be the corresponding

640/25/4-2
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coefficients for fixed n = —1. Since vy 1(x) = vu(x)(x — xz4) it is easy to
see that

B(k+l) — xk+1tB(k)/(1 _ xk+1t),

B¥Y — (B® — x, B — xppqt)  for i=1,.,k,
and

B(k+1) B,(ck)/(l . Xk+1f)

with B{® = 1,
Ift >0, x; <0 and lim,,, x, = 0 then B*) > 0 and lim,_, B§" =
Let us assume that lim,,., B{¥} = 0. Then

lklfg xk+1t(Bz('k) . Bz(’k+l)) + Bt(-k-H) = 0.

If B®¥ < M Vk then lim,, B = 0. If such an M does not exist thus it is
impossible that ;o B = 1 since B > 0. In conclusion lim,,, B® = 0
for i = 0, 1,..., and, by Theorem 7, the approximants converge to f(¢) when
k goes to infinity and when n > —1 is fixed.

Let us now study the case where the coefficients c; are given by

e = | " i da(x), (10)

where « is bounded and nondecreasing in the finite or semi-infinite interval
[a, b]. In that case the functional ¢ is positive, that is, ¢(p) > 0 for every
polynomial p such that p(x) > 0, Vx € [a, b]. If the x; belong to [a, b] and if ¢
is real and does not belong to [b~%, a'] then (1 — x¢)~! is continuous on
[a, b] and the convergence can be studied by convergence results on classical
quadrature methods. Thus, for Padé approximants, the x; belong to [a, b),
the coefficients A*’ of the quadrature formula are positive and the sequence
[k — 1/k]At) converges to f(¢) for every t ¢ [b-2, a—*] when k goes to infinity.
The general convergence result is the following:

THEOREM 10. If the coefficients c; are given by (10) and if the x; are distinct
and belong to [a, b] then

lim @(0)/%(t) = f(1) ~ Vie[p™, a™]

if there exists an M independent of k such that
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then moreover,

(0) 2k
1) = k= VD) = ot . £l b

Proof. The first part’c is the classical theorem on the convergence of
quadrature processes: >, | 4{¥) | << M while the second is the error term
of Gaussian methods.

Remark 16. From this theorem one can obtain bounds for the error. For
example if @ = 0 and & = 1/R, where R is the radius of convergence of f
then

ngo)1 ‘
[ f(t) — [k — Vk]{0)] < H(X, [ Vie(—-o,0],
k

H(o) t2k
0 = b — KO < F g Vel Al d<R

Remark 17. For such series composite quadrature formulas, such as the
trapezoidal rule, can also be used to generate rational approximations.

3. EXAMPLES AND APPLICATIONS

Let us first give an example to show that Padé approximants are not always
optimal. For this purpose we consider the series

_ gy lpr_ P
f@y=1"Logl + ) =1—5+5——7+

For this series Theorem 10 applies and the sequence [k — 1/k]£t) converges
to f(t). Let us compare the relative errors of [1/2]{¢) and of the Padé-type
approximant with k& = 4 constructed from the interpolation points x; = —j-1
for i = 1, 2, 3, and 4. The construction of these two rational approximations
requires the knowledge of ¢, ,..., ¢; .

t [1/2] G3/4)

—0.8 —0.27101 02910~ @(t) 24 + 38 + 1812 4+ 19636
—0.5 —0.12102 073108 &) 24 + 507 + 35¢2 + 10£3 + ¢°
0.1 —0.4610-¢  0.92 107

0.5 —0.1510-%  0.56 10-3 6 + 3t

1.0 —0.1210~2 —0.13 10-3 “/2]’(’):6+6t+t2

1.5 —0.3510-2 —0.77 10-3

2.0 —0.70 102 —0.21 102

40 —0.2710' —0.14 10!
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Some other choices of the points x; have been made for Padé-type appro-
ximants but they produce less good numerical results. A very important
question for further research will be the study of optimal interpolation
points.

Let us now turn to rational approximations to the exponential function.
Because of the search for A-stable methods for integrating stiff differential
equations such approximations have a great practical interest and many
papers on this subject have appeared in the past few years. The fundamental
notion is the A-acceptability [6] which states that a rational approximation r
to et is A-acceptable if | r(¢)| < 1Ve, Re(r) > 0. It can be shown, by using
the maximum modulus theorem, that r is A-acceptable iff | r(it)] < 1 Vte R,
limy,),, | 7(z)] < 1 and r is analytic in the right half part of the complex plane
(1, 15].

If we construct rational approximations to e~ by using Padé-type appro-
ximants as described in Section 2 with the degree of the denominator greater
than the degree of the numerator and with the x; in the left half part of the
complex plane then the second and the third conditions for the A-acceptability
are satisfied; it is, in general, difficult to know if the first condition is true
or not. However the following result can be obtained:

THEOREM 11. Let r be a Padé-type approximant to e~* with real coefficients,
whose numerator has degree k and whose denominator has degree n + k. Let

o 1+ Byt? 4 oo o+ Bur®
2
(D) = 5 T otE - - oy 20

If the interpolating points x; have negative real parts, if B; < o; for i =
p+1l..,kand0 < a fori=k-1,..,n-+ k, where p is the integer part
of k|2, then r is A-acceptable.

Proof. It follows the ideas of [5]. Since the points x; have negative real
parts r is analytic in the right half part of the complex plane. If #» = 1 then
lim,., | r(t) = 0.

We have, by definition

r(t) = et + O@*+).

Thus
[r@ED)? = 1 4 O(t*+Y),

This last condition implies that «; = B, for i == 1,..., [k/2], where [ p] denotes
the integer part of p. Moreover we get

(Bos1 — opya) 2P0 + -+ (Buss — Xa) £2F0
1+ Otltz 4 e Oln+k12("+m

AP =1+
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with the convention that B; = 0 for i > k + 1. Thus if B, <« for
i=p-+1,..,n4 kthen | r(it)]? < 1.

Moreover if n =0, B, =05 and o = g2 which imply that
lim e | 7(8)] < 1.

This theorem is related to Theorem 3.2 of Norsett [15]. It seems to be
difficult in practice to know if this condition is satisfied or not for fixed n and
for every k even by applying Norsett’s results although the C-polynomial
exists.

We are now going to study a very interesting class of Padé-type approxi-
mations to the exponential function. If, for fixed k, we choose x;, = —k~!
for i =1,..,k then we obtain rational approximations of the form
@(t)/(1 + t/k)* which are very useful for integrating a linear system of
ordinary differential equations since the denominator can be factored. Such
approximations have been recently studied by Saff, Schonhage,and Varga[17]
but with a different numerator.

Let us first study the convergence of such approximations:

THEOREM 12. When k goes to infinity @(¢)/(1 + t/k)* converges to et for
everyt = 0.

Proof. We shall use the second part of Theorem 7 with n = —1. It is
obvious that B; = 0; thus we only have to prove that the B,’s tend to zero
when k tends to infinity since the series converges for every ¢ > 0. Since
B; = a;t*/%(t) and since 9(¢) tends to e* we only have to study the conver-
gence of a;t*—% to zero. We get

ﬁ(t)zl—i—t—!—i(l-%)m(l— ’;1)’—

i!
=a; + ag_yt + - + ayt*.

Thus

az-=(1-J,;)"'(l_k—/i_l)(kli)z’ i=0,1,.,k—2

ak_l = a;, = 1

It must be notice that we have to study the convergence when k goes to
infinity for a fixed subscript i. Thus

aitk—i < ( k—1 )k—i—l tk—i

k (k — !

and limy,,, g;t** = 0 for i = 0, 1,... and V¢ > 0 which ends the proof.
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An interesting question about these approximations would be to study if
the convergence has a geometric character like the approximations proposed
in [17].

Let us now turn to the A-acceptability of these approximations. It seems
difficult to know if these approximations are A-acceptable for every k.
However, by applying Theorem 11, it is easy to see that the condition is
satisfied for k = 1,..., 4. Thus, the following approximations to e~* are
A-acceptable:

1 1 1 — £2/6 1 — 128 + 13/48
T+ (A +28° A F 32 (1 + #/a)

The same is true for the diagonal Padé-type approximants

1 L4 112
(T araer Tz o WO

1 —r%6 + 1327
(1 + 1/3)°

The following approximant is (1 — t%/8 + ¢3/48 + 14/256)/(1 -+ t/4)*. We get

6
[r@n)? =1+ m

which shows that this approximant is not A4-acceptable. The approximants
given in [7] are not A-acceptable for k = 2,..., 7 because the constant term
of the numerator is greater than 1.

Let us now describe the application of rational approximations to the
Laplace transform inversion. Let f be the Laplace transform of g

() = fo " g(x) et dx.

If the series expansion of fis known, then a method due to Longman [10]
for finding g consists in constructing some Padé approximant to f and
inverting it. The Laplace transform inversion of a rational function needs
either the partial fraction decomposition (that is the computation of the
roots of the denominator) or a special trick due to Longman and Sharir [12]
involving the summation of an infinite series.

The same can be done with Padé-type approximants instead of Padé
approximants. The advantage will be the knowledge as well as the arbitrary
choice of the poles. If the interpolating points are distinct, for example, then,
as we saw in Theorem 1

‘IZJ(I) ‘_ 2 Agk) L k Ai_k)xi—1 ] w ,
5 ;1 = El p—— with A" = w(x)/v'(x,).
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Thus the Laplace transform inversion of #(t)/5(¢) will immediately provide
an approximation of g given by — Y., 4%x;tev/%,

Let us show, by example, how this method works. If #f(f) = e~* then
g(x) = H(x — 1). We shall construct approximations to #f(¢) with the same
degree k in the numerator and in the denominator, then we shall divide by ¢
and finally invert.

We shall compare the Padé-type approximant for k = 2 with x; = —1,
x, = —1/3 (formula 1), the Padé-type approximant with x, = —1/4,
X, == —1/3 (formula 2) and the Padé approximant [1/1] (formula 3). We get

formula 1: 1 — }e™® — %e7%2,
formula 2: 1 4 8e=%* — 9737,
formula 3: 1 — 2e-%2,

b formula 1 formula 2 formula 3
0 —1.5 0. —1.
0.5 0.3463 0.0745 0.2642
1.0 0.7960 0.6984 0.7293
1.5 0.9192 0.9198 0.9004
2.0 0.9606 0.9804 0.9634
2.5 0.9782 0.9954 0.9865

Let now #f(t) = exp(—¢/(1 + at)'/?). If we invert the Padé-type approximant
with k = 2, x, = —1/4 and x, = —1/3 we obtain, for a = 0.1

1 + 10.4e~%* — 10.8¢73%~.

The numerical results can be compare with the method of Longman using
Padé approximants [11]

x (2/2) Padé [2/2] exact values
0 0.6 —0.8182 0
0.5 —0.0023 0.2675 0.0274
1.0 0.6528 0.7049 0.5475
1.5 0.9058 0.8811 0.9290
2.0 0.9767 0.9521 0.9944
2.5 0.9945 0.9807 0.9997

The results obtained by a Padé-type approximant using c¢,, ¢; , and ¢, are
better than those obtained with a Padé approximant using ¢y ,..., ¢, .



316 C. BREZINSKI
4. CONCLUSIONS

In this paper a systematic way for obtaining rational approximations
to formal power series has been studied. Many aspects of the problem have
not been treated and numerous questions have no answer at the present time.
For example, the algorithmic part has not been developed, the algebraic
properties of the approximants remain to be studied as well as the existence
of best interpolation points, etc. Approximatory quadrature methods should
be similarly studied.

Some generalizations are of interest, the most important of which seems
to be formal power series in several variables.

Note added in proofs. Recently many authors independently used special cases of Padé
type approximants. They are: S. A. Gustafson, Computing. 21 (1978), 53-70; A. Iserles,
SIAM J. Num. Anal. (to appear); E. V. Krishnamurthy et al., Proc. Indian Acad. Sci.
819 (1975), 58-79; G. Lopes, Soviet Math. Dokl. 19 (1978), 425-428; S. P, Norsett, Numer.
Math. 25 (1975), 39-56; A. Sidi, Math. Comp. (to appear); A. C. Smith, Utilitas Math.
13 (1978), 249-269.
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